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1. Introduction
Let M be a manifold and F be a subbundle of T M or (T M)C. A partial connection is a
covariant derivative∇FX defined only for X in the subbundle F .∇F is flat if [∇FX ,∇FY ] = ∇F[X,Y ].
Partial connections were introduced by Bott [1] for foliations. Rawnsley [8] combined the
real foliation and complex structure versions using Nirenberg’s complex variant of Frobenius
theorem [5]. Flat partial connections on a complex line bundle L as the objects of Kostant–
Souriau geometric quantization theory were studied by Gawedzki [2], Rawnsley [7], and others.
The present paper is motivated by following problem of geometric quantization: to describe
the structure of the so called Bohr–Sommerfeld subset BS [9, 7] for (∇F , L). By definition,
BS is the union of all leaves D0 of the real subbundle D, DC = F ∩ F¯ such that the restriction
(∇F , L)|D0 has the trivial holonomy group. To solve this problem we construct the special
extensions of ∇F to connections ∇ on L (Theorem 2.8). A version of these results for the
2-dimensional sphere and the Neumann-type dynamical system on it appears in [4].
An example, which is the subject of the Section 4 of this paper, is given by applying the
geometric quantization theory [3, 2] to a manifold M ' T ∗(R+)n, n > 1, where we use
the (standard) canonical symplectic structure to define a Poisson bracket and (nonstandard)
invariant Ka¨hler structure to quantize the Hamiltonian system with Hamiltonian function H =
1
2
∑n
k=1(y
2
k + λ2x2k + µ2k/x2k ).
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2. Extensions of flat partial connections
Let M be a connected manifold and let F ⊂ (T M)C be a complex involutive (closed under
the Lie bracket) subbundle of the complexified tangent bundle. A flat partial connection or flat
F-connection on a (complex) line bundle L over M is a map∇F which assigns to each complex
vector field (section) X ∈ 0F an endomorphism ∇FX : 0L → 0L on the space of all smooth
sections satisfying
∇FX+Y s = ∇FX s + ∇FY s, ∇Ff X s = f∇FX s, ∇FX ( f s) = (X f )s + f∇FX s,
and
(∇FX∇FY − ∇FY ∇FX )s = ∇F[X,Y ]s for each s ∈ 0L , X, Y ∈ 0F, f ∈ C∞(M,C).
In other words, a partial connection is a covariant derivative defined for X in a subbundle F .
We shall say that a connection ∇ in L is an extention of the flat F-connection ∇F (or ∇F is
a restriction of ∇) if ∇FX = ∇X for all X ∈ 0F . It is obvious that in this case ω(F, F) = 0,
where ω = curv∇.
We say that a (complex) subbundle F ⊂ (T M)C is integrable if (1) F ∩ F¯ has constant rank;
(2) the subbundles F and F + F¯ are involutive.
Theorem 2.1. ([8]) A smooth line bundle L over M admits a flat F-connection ∇F , where F
is an integrable subbundle of (T M)C, if and only if there exists a local system {(Ui , si )}, i ∈ I ,
for L such that all local sections si are F-horizontal (i.e., ∇FX si = 0 for all X ∈ 0(F |Ui )).
Clearly the corresponding transition functions ci j : Ui∩U j → C∗, si ci j = s j on Ui∩U j , i, j,∈
I are F-horizontal: X (ci j ) = 0, X ∈ 0(F |Ui∩U j ).
Remark 2.2. Let L be a line bundle over the manifold M and F ⊂ (T M)C be an involutive
complex subbundle. If there is a local system {Ui , si } for L such that all transition functions
ci j are F-horizontal than there exists a unique flat F-connection ∇F on L such that ∇FX si = 0,
X ∈ 0(F |Ui ).
Proposition 2.3. Let ∇F be a flat F-connection on a line bundle L , where F is an integrable
subbundle of (T M)C. Then there exists a connection ∇ which is an extension of ∇F .
Proof. Let us use the well-known method (see, for example, [3]). Let {(Ui , si )}, i ∈ I , be
the contractible local system for L as in Theorem 2.1, {ci j } the corresponding F-horizontal
transition functions. By taking a refinement if necessary, we can choose {Ui } to be locally finite
and one thus has a partition of unity
∑
i∈I ei = 1 where the compact support of ei lies in Ui .
Since Ui ∩U j , if not empty, is contractible, we can define smooth functions fi j = (2pi i)−1 ln ci j
on Ui ∩U j and a complex one-form αi ∈ 031(Ui ,C) on Ui by
αi = −
∑
k∈I
ek d fik,
where d fik are given for m ∈ Ui ∩ Uk and are to be extended to other points by zero. These
one-forms are well defined. Moreover, from the formulas d f jk−d fik+d fi j = 0 on Ui∩U j∩Uk
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we obtain that α j − αi = d fi j = (2pi i)−1dci j/ci j and αi (F) = 0, i.e., {(Ui , si , αi )} is a local
system for some connection ∇ in L: ∇Z si = (2pi i)αi (Z)si . ¤
The real involutive subbundle R ⊂ T M is said to be regular [2] if there exists a structure of
a manifold on the quotient space M ′ = M/R (with the quotient topology) of the (connected)
leaves of R such that the canonical projection p : M → M ′ is a submersion (if such a structure
exists, then it is unique). If P ⊂ (T M)C is a subbundle preserved by R (X ∈ 0R and Y ∈ 0P
⇒ [X, Y ] ∈ 0P) and RC ⊂ P , then p∗(P) is a subbundle of (T M ′)C; if, in addition, P is
involutive, then so is p∗(P) [2].
Proposition 2.4. Let ∇F be a flat F-connection on a line bundle L , where F is integrable,
let R ⊂ (T M ∩ F) be a regular subbundle. Suppose that a holonomy group of connection
(∇F , L)|p−1(m ′) is trivial for any m ′ ∈ M ′. Then there exists an extension ∇ of ∇F with the
curvature form ω such that X ω = 0 for any X ∈ 0R. Moreover, we can choose a local
system {Vi , Si , αi } for (L ,∇) such that Vi = p−1(p(Vi )), αi (F) = 0 and αi = p∗(α′i ) where
α′i ∈ 031(p(Vi ),C).
To prove Proposition 2.4 and Theorem 2.8 below we need the lemma which is the weak
generalization from [7, Lemma 1].
Lemma 2.5. Let L ,∇F , R be as in Proposition 2.4. Let U ⊂ M be an open set such that for any
m ′ ∈ M ′ the subset U ∩ p−1(m ′) is connected and let s ∈ 0(L|U ) be an F-horizontal section.
Then there exists a unique F-horizontal section S ∈ 0(L|p−1(p(U ))) such that S|U = s (S is an
extension of s). If s is nowhere vanishing on U then S is nowhere vanishing on p−1(p(U )).
Proof of Lemma 2.5. For completeness and mainly to fix the notation we shall prove this
lemma. Since the section s is R-horizontal then it is invariant under the parallel transport along
the integral curves of X ∈ 0(R|U ) with respect to the connection ∇(m ′) = (∇F , L)|p−1(m ′).
Moreover, using the parallel transport for X ∈ 0(R|V ) we can define a section S on V =
p−1(p(U )) such that S|U = s. This section is well defined because the holonomy group of
∇(m ′) is trivial and U ∩ p−1(m ′) is connected.
The space (0locL) 0L of all (local) section of L is isomorphic to the space (0]locL) 0]L
of (local) complex valued functions s]1 on the principal C∗-bundle L∗ associated to L such
that s]1(cu) = c−1s]1(u), u ∈ L∗, c ∈ C∗ [9]. The isomorphism s]1 7→ s1 is defined by the
equations s1(m) = s]1(u)u, s]1(u) = s1(m)/u, where u ∈ L∗,m = l(u) and l : L → M is
a canonical projection. By Proposition 2.3 there exists an extension ∇ of ∇F which defines
for any real X ∈ 0T M a unique real vector field X˜ on L—the horizontal lift of X . The
corresponding local one-parameter group acts on the space0locL , by definition: (φ˜∗t s1)] = φ˜∗t s]1.
Moreover, φ˜t determines the parallel transport along integral curves φt(m) of X , so that if
X ∈ 0R, φt : U1 → M,U1 ⊂ U we have
S|φt (U1) = φ˜∗−t(s|U1),
i.e., S is smooth. The section S is F-horizontal because φ˜∗−t s is F-horizontal for t = 0 and for
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any Y ∈ 0loc F, s1 = s|U1 we have
d
dt
∣∣∣∣
t=τ
(∇Y (φ˜∗−t s1))] = ddt
∣∣∣∣
t=τ
Y˜ (φ˜∗−t s
]
1) = −Y˜ X˜(φ˜∗−τ s]1)
= −Y˜ φ˜∗−τ
(
(φ˜−τ∗ X˜)s]1
) = −Y˜ φ˜∗−τ (X˜s]1) = −(∇Y φ˜∗−τ (∇X s1))] = 0. ¤
Now, by Theorem 2.1 and Lemma 2.5, there is a local system {Vi , Si }, i ∈ I , of the line bundle
L such that Vi = p−1(p(Vi )) and Si are F-horizontal. The corresponding transition function
Ci j are also F-horizontal so that on p(Vi ) ∩ p(Vj ) there are well-defined smooth functions
C ′i j : Ci j = p∗(C ′i j ). The covering {V ′i = p(Vi )}, i ∈ I , and the family of these F ′-horizontal
functions define the line bundle L ′ over M ′ with a local sections S′i ∈ 0(L ′|V ′i ), S′i C ′i j = S′j
and flat F ′-connection on L ′ by ∇F ′S′i = 0. It is easily seen that a map p˜ : L → L ′, Si (m) 7→
S′i (p(m)) is the lifting of p (by definition, p˜∗(S′i ) = Si ). Now if a connection∇′ is an extension
of the flat F ′-connection with a local system {V ′i , S′i , α′i } (Proposition 2.3), than {Vi , Si , p∗(α′i )}
is a local system for (L ,∇). Since (curv∇′)|V ′i = dα′i we get curv∇ = p∗(curv∇′). ¤
From the proof above it follows
Corollary 2.6. ([7]) Let L , F, R,∇F be as in Proposition 2.4. Then there exists a line bundle
L ′ over M ′ with flat F ′-connection ∇F ′ for integrable subbundle F ′ = p∗(F) and a lifting
p˜ : L → L ′ of a mapping p such that for any U ′ ⊂ M ′ the section s ∈ 0(L|p−1(U ′)) is
F-horizontal if and only if s = p˜∗s ′, where s ′ ∈ 0(L ′|U ′) is F ′-horizontal.
Remark 2.7. The line bundle (L ′,∇F ′) in Corollary 2.6 is unique up to equivalence. Indeed,
suppose that there are two line bundles with flat partial connections (∇F ′k , L ′k), k = 1, 2, and
{(U ′i , s ′ki )}, i ∈ I , is a contractible local system for line bundle L ′k such that nowhere vanishing
local sections s ′ki on U ′i are F ′-horizontal with respect to ∇F
′
k . Let {c′ki j } be the corresponding
set of F ′-horizontal transition functions. Since p˜∗k (s ′ki ) is an F-horizontal nowhere vanishing
section on p−1(Ui ) = U−1i we obtain that p∗1(s ′1i ) = bi p∗2(s ′2i ), where bi ∈ C∞(U−1i ,C)
is also F-horizontal. Then c′1i j b′i (b′j )−1 = c′2i j , i, j ∈ I, where {b′i }, i ∈ I , are well-defined
smooth F ′-horizontal functions on U ′i , and we have isomorphism of line bundles with flat partial
connections
τ : L ′1 → L ′2, s ′1i (m ′) 7→ b′i (m ′)s ′2i (m ′) m ′ ∈ M ′.
Suppose that p : M → M ′ = M/R is a locally trivial foliation with the base (manifold)
B, {O ′a, ψa}, a ∈ A, the corresponding local trivialization of p, where O ′a is a connected open
set and ψa : p−1(O ′a)→ O ′a × B is a diffeomorphism such that p ◦ ψ−1a : (m ′, b) 7→ m ′. Let
La = L|p−1(O ′a) for any a ∈ A. The restriction of ∇F to L|p−1(m ′) is a flat connection (R ⊂ F)
and defines a homomorphism (character) χm ′ from the fundamental group pi(p−1(m ′)) to C∗.
The image G(m ′) of this homomorphism is the holonomy group of (L ,∇F)|p−1(m ′). If the
manifold B is separable then its fundamental group is at most countable so that group G(m ′)
is.
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Theorem 2.8. Let∇F be a flat F-connection on L , where F ⊂ (T M)C is an integrable complex
subbundle. Let RC ⊂ F and let p : M → M ′ = M/R be a locally trivial foliation. Suppose
that for any m ′ ∈ M ′ the holonomy group G(m ′) is at most countable. Then G(m ′) = G is
independent of the point m ′ ∈ M ′ iff for any a ∈ A there exists an extension ∇a of ∇F |La with
the curvature form ωa such that Xa ωa = 0 for all Xa ∈ 0(R|p−1(O ′a)).
Proof. To prove the theorem we may assume, without loos of generality, that p : M → M ′ is
a trivial foliation. Let us identify M with M ′ × B such that p(m ′, b) = m ′. Let Bˆ be a universal
covering space of the manifold B, pi : Bˆ → B the corresponding covering map and a local
diffeomorphism. Denote by pˆ the natural projection pˆ : Mˆ = M ′ × Bˆ → M ′. Given a smooth
map pˆi = id×pi, pˆi : M ′ × Bˆ → M ′ × B, as is well known, one may define in a natural way a
line bundle Lˆ over M ′ × Bˆ and a map τpˆi : Lˆ → L which is a lifting of pˆi [3].
Let ∇ be an extension of ∇F and {Ui , si , αi }, i ∈ I , be the corresponding local system for
the line bundle L over M with connection ∇ such that for all i ∈ I we have (1) Ui = U ′i × Bi
is connected; (2) pi−1(Bi ) =
⊔
ν∈N Bˆνi , Bˆνi ∩ Bˆµi = ∅, Bˆνi ≈ Bˆµi , ν 6= µ ∈ N ; (3) si is
F-horizontal nowhere vanishing on Ui ; (4) αi ∈ 031(Ui ,C),∇Z si = (2pi i)αi (Z)si . The
corresponding transition functions are ci j : Ui∩U j → C, Ui∩U j 6= ∅. Then {Uˆi , sˆi , αˆi }, i ∈ I ,
where Uˆi = pˆi−1(Ui ), αˆi = pˆi∗(αi ), is a local system for the line bundle Lˆ with the connection
∇ˆ [3], {cˆi j = pˆi∗(ci j )} the corresponding set of transition functions, ∇ˆZ sˆi = (2pi i)αˆi (Z)sˆi .
Since pˆi is a local diffeomorphism then there is a unique integrable complex subbundle Fˆ of
T MˆC such that pˆi∗(Fˆ) = F . By Remark 2.2 there exists a unique flat Fˆ-connection ∇ˆ Fˆ on Lˆ .
It is evident that ∇ˆ is an extension of ∇ˆ Fˆ .
The manifold Bˆ is simply connected so that by Lemma 2.5 there exist Fˆ-horizontal nowhere
vanishing sections Sˆi on U ′i × Bˆ (for all i ∈ I ) with the set {Cˆi j : (U ′i ∩ U ′j ) × Bˆ → C∗} of
Fˆ-horizontal transition functions such that Sˆi = sˆi on U ′i × Bˆν0i for some ν0 ∈ N . Thus by the
rule fˆi sˆi = (Sˆi |Uˆi ) we can define Fˆ-horizontal functions fˆi nowhere vanishing on Uˆi . From
the definition of Sˆi it follows that fˆi |{m ′}×Bˆνi = χm
′
([pˆi(ξ)]) = χm ′(ν0, ν) ⊂ G, where m ′ ∈ U ′i
and a piecewise smooth closed curve pˆi(ξ) is the image of a curve ξ ⊂ {m ′} × Bˆ joining two
points (m ′, bν0) and (m ′, bν), pi(bν0) = pi(bν). Suppose that the holonomy group G(m ′) = G
is independent of the point m ′ ∈ M ′. Then the function fˆi is locally constant because the set G
is at most countable. Therefore
αˆ j − αˆi = 12pi i
dcˆi j
cˆi j
= 1
2pi i
dCˆi j
Cˆi j
on Uˆi ∩ Uˆ j . (2.1)
By Proposition 2.4 and Lemma 2.5 there is an extension of the flat Fˆ-connection ∇ˆ Fˆ on Lˆ
with the local system {(U ′i × Bˆ), Sˆi , βˆi }, i ∈ I , where βˆi = pˆ∗(β ′i ), β ′i ∈ 031(U ′i ,C). Since
βˆ j − βˆi = (1/2pi i)dCˆi j/Cˆi j on (Ui ∩ U j )× Bˆ and pˆ = p ◦ pˆi , taking into account (2.1), we
obtain that
p∗(β ′j )− p∗(β ′i ) =
1
2pi i
dci j
ci j
on Ui ∩U j .
The family {p∗(β ′i )}, i ∈ I , of 1-forms defines a connection on L with the curvature form
ω|Ui = p∗(dβ ′i ), i.e., R ω = 0.
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Conversely, suppose that∇ is an extension of∇F and the kernel of curvature formω = curv∇
contains the subbundle R. Let γ0, γ1 : [0, 1] → M be two piecewise smooth closed curves
such that there exists a piecewise smooth deformation σ : [0, 1] × [0, 1] → M for which
γk(t) = σ(k, t), k = 0, 1 and the curve p(σ (τ, t)) = m ′τ for any fixed τ ∈ [0, 1] is a one-point
set. Then, as is well known [3],
Q(γ0) = Q(γ1) exp
(
−2pi i
∫
σ
ω
)
, (2.2)
where Q is the parallel transport function defined by the connection ∇. But R ω = 0, so that
Q(γ0) = Q(γ1). ¤
3. Geometric quantization: Structure of Bohr–Sommerfeld subset
Geometric quantization [2, 9] offers a systematic geometric procedure to isolate the new input
that is required in the passage from the classical description of a physical problem to its quantum
description. The 2n-dimensional connected manifold M endowed with a symplectic structureÄ
represents the classical phase space of a given physical system. Let F be a strongly admissible
polarization [2] of (M, Ä), i.e., (1) F ⊂ (T M)C is a smooth complex integrable subbundle of
dimension n = 12(dim M); (2) F is isotropic: Ä(F, F) = 0; (3) the real subbundles D and E ,
D ⊂ E , where DC = F ∩ F¯ and EC = F + F¯ , are regular. Denote by L F the complex line
bundle 3n(M, F) of n-forms which vanish after contraction with any vector from F . On L F
there is a flat F-connection ∇F induced by the Lie derivative L:
∇FX λ = LXλ = X dλ ∈ ∇L F , λ ∈ L F . (3.1)
Suppose also that there is a square root L F/2 of the line bundle L F (i.e., L F/2 ⊗ L F/2 and
L F are equivalent). Then there exists a unique flat F-connection ∇F/2 on L F/2 such that
∇F/2 ⊗ ∇F/2 = ∇F [2]. Let l : L → M be a line bundle over M with a connection ∇ and a
∇-invariant Hermitian structure such that ω = (−2pi~)−1Ä is a (integral) curvature form of ∇:
ω = curv(L ,∇).
The (pre)Hilbert space constructed by KS-geometric quantization consists of F-horizontal
sections of L ⊗ L F/2 with respect to the flat Fconnection ∇ ⊗ ∇F/2. The line bundle L F/2 is
usually called the line bundle of half F-forms. But it often turns that the line bundle L ⊗ L F/2
may not have any smooth global F-horizontal section and the Hilbert space is spanned by
generalized sections. Their supports are the subsets of the Bohr–Sommerfeld subset BS. BS is
the union of all the integral manifolds D0 (leaves) of a real subbundle D ⊂ T M for which the
holonomy group of (∇ ⊗ ∇F/2, L ⊗ L F/2)|D0 is trivial [9].
Theorem 3.1. Let p : M → M/D be a locally trivial foliation. Then the Bohr–Sommerfeld
subset BS is the union of the integral manifolds E0 of real subbundle E , i.e., if D0 ⊂ BS and
D0 ⊂ E0, then E0 ⊂ BS.
Proof. Let p : M → M ′ = M/D be a natural projection of M to the quotient space M ′.
Since the subbundle F is involutive (integrable), the image F ′ = p∗(F) of F is also involutive
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(integrable) subbundle of (T M ′)C [2]. Let us consider the line bundle L F ′ of n-forms from
3n(M ′, F ′) which vanish after contracting with any vector from F ′. There is the lifting p˜ :
L F → L F ′ of submersion p induced by the usual pull-back p∗ : 03n(M ′, F ′)→ 03n(M, F).
Moreover, according to Nirenberg [5] M can be covered by open sets Ui , i ∈ I , on which there
are coordinates
(v, u, x, y) = (vi1, . . . , vil , ui1, . . . , uik, xi1, . . . , xir , yi1, . . . , yir ),
such that F ⊂ (T M)C is spanned on Ui by
∂/∂u1, . . . , ∂/∂uk, ∂/∂ z¯1, . . . , ∂/∂ z¯r ,
where z j = x j + iy j , j = 1, . . . , r . Without loss of generality we can assume that (v, x, y)
are coordinates on p(Ui ) = U ′i and p : (v, u, x, y) 7→ (v, x, y). Let us define the nowhere
vanishing sections s Fi (resp. s F
′
i ) of L F (resp. of L F
′) on Ui (resp. on U ′i ) putting
s Fi = dvi1 ∧ · · · ∧ dvil ∧ dzi1 ∧ · · · ∧ dzir = (s F
′
i ).
The differential forms s Fi and s F
′
i are closed so that by equation 3.1 the sections s Fi , p∗(s F
′
i )
and s F ′i are horizontal with respect to the flat partial connections ∇F and ∇F
′
, in particular,
∇FX p∗(s F
′
i ) = 0 for all X ∈ 0(F |p−1(Ui )). Now from the proof of Proposition 2.4 it follows
that there exists the connection ∇˜ on L F which is the extension of ∇F and the curvature form
ω˜ = curv∇˜ vanish after contracting with any X ∈ 0D. But on L F/2 there exists a unique
connection ∇˜1/2 such that ∇˜1/2 ⊗ ∇˜1/2 = ∇˜ [2]. This connection is an extension of ∇F/2
and its curvature form is equal to 12 ω˜. Therefore the flat F-connection ∇F∗ = ∇ ⊗ ∇F/2 on
L∗ = L⊗ L F/2 has an extension with curvature form ω+ 12 ω˜. Taking into account equation 2.2
from ω(D, F) = ω(D, F¯) = 0⇒ ω(D, E) = 0 we get: the holonomy group of (∇F∗ , L∗)|D0
is the same for all leaves of D in E0. ¤
4. Geometric quantization: The motion in the potential l 2x2 + m 2/ x2
Let us consider the Hamiltonian system on the phase space M = T ∗(R+)n, n > 1, with the
Hamiltonian
H =
n∑
k=1
Hk =
n∑
k=1
1
2
(
y2k + λ2x2k +
µ2k
x2k
)
, (4.1)
where λ,µk are real positive constants, xk > 0 and yk are canonical coordinates (k = 1, . . . , n).
Let X H be a Hamiltonian vector field of H with respect to canonical symplectic form Ä =∑n
k=1 dyk ∧ dxk : X H Ä = −d H . Then
X H =
n∑
k=1
(
yk
∂
∂xk
+
(µ2k
x3k
− λ2xk
) ∂
∂yk
)
. (4.2)
Here we construct the polarization on (M, Ä), which is invariant under the flow of X H . By
means of this polarization, applying the results of Sections 1–3, and using the Kostant–Souriau
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geometric quantization procedure we quantize H . We show that the spectrum of the respective
quantum operator QH is discrete and the eigenvalues of QH are λ~
(
2N + n +∑nk=1 µk/~),
N = 0, 1, 2, . . . with multiplicities mN =
(
n+N−1
N
)
. Hence the geometric quantization of (4.1)
doesn’t agree with the usual Schrodinger treatment. Indeed, the Schrodinger equations for
H (4.1) when n = 1 has the form
1
2
(
− ~2 d
2
dx2
+ λ2x2 + µ
2
x2
)
ψN (x) = ENψN (x), ψN (0) = 0.
The spectrum of this equation is discrete and simple (multiplicity-free). The ground-state wave
function has the form ψ0(x) = xγ e−λx2/2~. The corresponding eigenvalue is E0 = ~λ(γ + 12),
where γ is a unique positive number such that (µ/~)2 = γ (γ − 1), another eigenvalues are
EN = ~λ(2N + γ + 12), N ∈ N [6]. Therefore the eigenvalues of Schro¨dinger operator in
n-dimensional case are ~λ(2N + n/2+∑nk=1 γk), N = 0, 1, 2, . . . with multiplicities m N .
4.1. Invariant complex structure
Introducing new complex variables in M by means of formulas
zk = λxk yk + i2
(
λ2x2k − y2k −
µ2k
x2k
)
= λxk yk + i(λ2x2k − Hk), k = 1, . . . , n
we can write
H =
n∑
k=1
Hk, where Hk =
√
zk z¯k + λ2µ2k .
From (4.2) we obtain X H (zk) = 2λi zk (X H (Hk) = 0), and consequently
X H = 2λi
n∑
k=1
(zk Zk − z¯k Z¯k). (4.3)
The space of holomorphic functions is invariant with respect to X H . Thus a complex subbundle
Q of T MC spanned by linearly independent vector fields Z¯1, . . . , Z¯n , where Zk = ∂/∂zk ,
defines the X H -invariant complex structure on M ([X H , Q] ⊂ Q).
It is evident that Ä = ∑nk=1 Bk(zk, z¯k)dz¯k ∧ dzk . We can evaluate the functions Bk =
(4λi Hk)−1 using the definition of X H (X H Ä = −d H ) and the expression (4.3). Moreover
Ä = 1
4λi
n∑
k=1
H−1k d z¯k ∧ dzk = dθ, where θ =
1
2λi
n∑
k=1
(Hk + λµk)−1 z¯kdzk . (4.4)
Thus from (4.4) we have Ä(Q, Q) = 0 so that Q is the Ka¨hler X H -invariant polarization on
M (Q + Q¯ = T MC and Q ∩ Q¯ = 0). Remark that θ(X H ) = H − λµ, where µ =
∑n
k=1 µk .
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4.2. Polarization F
The Hamiltonian system (4.1) admits another invariant polarization F on some open sub-
manifold M+ ⊂ M . Let
Q1(m) =
{
X ∈ Tm MC : dz1(X) = · · · = dzn(X) = 0, d H(X) = 0
}
.
It is clear that Q1 is spanned by the vectors
∑n
k=1 vk Z¯k , where
∑n
k=1 H
−1
k zkvk = 0. By
definition, Q1 is a complex subbundle of rank (n − 1) on the open submanifold M+ ⊂ M on
which
∑n
k=1 |zk |2 6= 0. From (4.3) we conclude that the nowhere vanishing (on M+) vector
field X H is transverse to Q1 and the complex subbundle F = 〈X H 〉 + Q1 generated by X H
and Q1 is a X H -invariant strongly admissible polarization on M+ (Q1 ⊂ Q). The polarization
F has one-dimensional “real part” DC = F ∩ F¯ . Moreover, from the above we have
Ä(X H , Q1) = 0, [X H , Q1] ⊂ Q1, F ∩ F¯ = 〈X H 〉, dim(F+ F¯) = 2n−1.
4.3. Flat partial connection on L F
Let us consider the F-line bundle L F = 3n(M+, F) such that sections of L F are differential
n-forms on M+ which vanish after contracting with any section (vector field) Y ∈ 0F .
Lemma 4.1. The F-line bundle L F is trivial. There exists a nowhere vanishing global section
s F of L F such that for any V ∈ 0Q1
LV s
F = 0 and LX H s F = 2nλis F .
Proof. To prove the lemma consider the global n-form1 on M+ (the global section of Q-line
bundle L Q)
1 = dz1 ∧ · · · ∧ dzn =
[ n∏
k=1
(4λi Hk)
]
(Z¯1 Ä) ∧ · · · ∧ (Z¯n Ä).
From LZ¯ p(dzk) = d(Z¯ p dzk) = 0 and LX H (dzk) = d(X H dzk) = 2λidzk it follows that
LV1 = 0 and LX H1 = 2nλi1. (4.5)
Now because of the relation θ(Q) = 0 and the fact that θ is global nowhere vanishing on M+
differential 1-form, there exists a unique global (n − 1)-form 11 such that
1 = θ ∧11 and 11 = (V 2 Ä) ∧ · · · ∧ (V n Ä),
where V p = ∑nk=1 v pk Z¯k ∈ 0Q1. We can describe 11 using a unique vector field U =∑n
k=1 uk Z¯k =
∑n
k=1 2Hk(Hk + λµk)−1 z¯k Z¯k 6∈ 0Q1 for which θ = U Ä. Then vector fields
V 2, . . . , V n ∈ 0Q1 are defined by the equation
det |(u)τ , (v2)τ , . . . , (vn)τ | =
n∏
k=1
(4λi Hk).
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Thus there exists global section s F = d H∧11 of L F . From relations LV (θ) = d(V θ)+V
Ä = V Ä, LX H (θ) = X H Ä+ d(X H θ) = −d H + d(H − λµ) = 0 and (4.5) it follows
that
0 = LV (θ ∧11) = (V Ä) ∧11 + θ ∧ LV11 = θ ∧ LV11,
θ ∧ (2nλi11) = LX H (θ ∧11) = θ ∧ (LX H11). (4.6)
In the same manner we can see that for any Y ∈ 0F (d H(F) = 0)
LY (d H ∧11) = d H ∧ (LY11). (4.7)
Let Mb = {m ∈ M+ : H(m) = b} be a level surface of H (a leaf of the integrable subbundle
E ⊂ T M+, where EC = F + F¯). Below we shall consider the bundles, mappings to be
restricted to the submanifold Mb of M+ and shall use the notations introduced earlier for M+
but with index b. By definition 1b1 is a global nowhere vanishing section of the Fb-line bundle
3n−1(Mb, Fb) and consequently for any Yb ∈ 0Fb LYb1b1 = gYb 1b1, where gYb is some function.
Let Y ∈ 0(T M+)C be the vector field such that d H(Y ) = 0. Taking into account that θ |Mb 6= 0
and for any differential form η
(LYη)|Mb =
[
(d ◦ iY + iY ◦ d)η
]∣∣
Mb
= (d ◦ iYb)ηb + (iYb ◦ d)ηb = LYbηb.
We obtain from (4.6) that (LV11)|Mb = 0, (LX H11)|Mb = 2nλi1b1 and from (4.7) the assertion
of lemma. ¤
Now recalling that θ(X H ) = H − λµ and θ(Q1) = 0 we can determine an extension of flat
F-connection ∇F by the formula
∇FY (s F) := 2pi i
( λnθ(Y )
pi(H − λµ)
)
s F ,
(∇FY (s F) := LY (s F) for Y ∈ 0F). (4.8)
4.4. Quantum line bundle for F
Since the symplectic formÄ is exact, this form is integral and there is a trivial line bundle l :
L = M+ ×C→ M+, (m, z) 7→ m with a connection ∇ and curvature form ω = (−2pi~)−1Ä.
Using a nowhere vanishing section s0 ∈ 0L , s0 : m 7→ (m, 1) we can define ∇Y for any vector
field Y ∈ 0T MC+ by formula
∇Y ( f s0) =
(
Y f + 2pi iα(Y ) f )s0, (4.9)
where α = (−2pi~)−1θ . The ∇-invariant Hermitian structure is defined by smooth positive
function h = 〈s0, s0〉 on M such that 2pi i(α − α¯) = dh/h so that
h =
n∏
k=1
exp
[
−Hk
λ~
] ([Hk + λµk]|zk |)µk/~.
Since the manifold M+ is simply connected the line bundle (L ,∇) with curvature form ω is
unique up to equivalence. Similarly there is a unique square root L F/2 with nowhere vanishing
global section s F/2 (s F/2 ⊗ s F/2 = s F ). By (4.8) flat F-connection ∇F/2 on L F/2 is defined by
1-form λn[2pi(H − λµ)]−1θ . The subbundle D = 〈X H 〉 is regular because X H is generated
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by the action (z1, . . . , zn) 7→ exp(2λi t)(z1, . . . , zn), t ∈ R. Let D0(z) = γz be a leaf of D
(the orbit of X H ). Combining (4.9) and (4.8) we conclude that the holonomy group of the
restriction of ∇ ⊗ ∇F/2 to D0(z) is trivial iff
∮
γz
Abθ ∈ Z, where b = H(z) and constant
Ab =
[
(−2pi~)−1 + λn[2pi(b − λµ)]−1]. Therefore the Bohr–Sommerfeld set BS is the union⋃
Mb, where b = 2λ~(N + n/2+ µ/2~), N ∈ Z.
Then the Hilbert space of (generalized) F-horizontal section of Lˆ = L ⊗ L F/2 with respect
to the flat F-connection ∇ˆF = ∇⊗∇F/2 is the direct sum⊕Hb of spaces Hb = {σ ∈ 0 Lˆ|Mb :
∇ˆF |Mbσ = 0}. The flat partial connection ∇ˆF |Mb is the restriction of a connection ∇ˆb defined
by (4.9), where α is replaced by αb = Abθ |Mb .
To describe the space Hb remark that the surface Mb of constant energy b in the space
M+ = Cn \ {0} is diffeomorphic to the (2n − 1)-sphere. Let us identify the space M ′b of orbits
on Mb with the complex projective space Pn−1C by means of the map
piD : Mb → M ′b = Mb/D, z = (z1, . . . , zn) 7→ [z] = [z1, . . . , zn],
where [z] denotes the set of all non-zero complex scalar multiples of z. On the subset V ′p =
{[z] ∈ Pn−1C : z p 6= 0} ⊂ Pn−1C, p 6 n, we may introduce complex coordinatesw pk = zk/z p,
k = 1, . . . , n, k 6= p. By Corollary 2.6 (see also [8]) the space Hb for b = 2λ~(N+n/2+µ/2~)
is isomorphic to the space of holomorphic global sections of the line bundle L ′b with connection
∇ˆ′b over M ′b. This line bundle (L ′b, ∇ˆ′b) is determined by a local system {V ′p, S′p, α′p} with the
set {C ′pl} of transition functions, where C ′pl = (zl |z p|/z p|zl |)N ,
α′p =
Ab
2λi
(
(b − λµ)d|z p|
|z p| +
n∑
k=1,k 6=p
|z p|2w¯ pk dw pk√
|z p|2|w pk |2 + λ2µ2k + λµk
)
(4.10)
(here we consider the function |z p| as a function on M ′b because |z p| is invariant under the flow
of X H ). One can easily show that the polarization F ′ = piD∗(F |Mb) is spanned locally by vector
fields ∂/∂w¯ pk , k 6= p.
Since Ab(b − λµ)/(2λi) = −N/(2pi i), from (4.10) it follows that the section |z p|N S′p
nowhere vanising on V ′p is holomorphic and any polynomialψn in n−1 variableswn1 , . . . , wnn−1
of degree 6 N determines the unique global holomorphic section ψ : ψ |V ′n = ψn|zn|N S′n .
Thus the dimension of Hb is m N =
(
n+N−1
N
)
. But X H ∈ 0F so that the quantum operator
QH := −i~∇ˆFX H + H is equal to H on H and consequently the eigenvalues of QH are
b = 2~λ(N + n/2+ µ/2~).
4.5. Quantum line bundle for Q
Since the manifold M is simply connected and the line bundle L Q over M is trivial it
follows that there is a unique square root L Q/2 with nowhere vanishing global section s Q/2
(s Q/2 ⊗ s Q/2 = 1). By (4.5) and (4.9) the space H′ of Q-horizontal sections is the set of all
sections φS = φ(s0 ⊗ s Q/2), where φ is a holomorphic function, with the scalar product
〈φ1S, φ2S〉 = ± i n
∫
M
φ1φ¯2
n∏
k=1
[
exp
(−Hk
λ~
) (
(Hk + λµk)|zk |
)µk/~] dz1 . . . dzn dz¯1 . . . dz¯n.
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For the quantum operator QH = −i~((∇X H + i~−1 H)⊗ L1/2X H ) from (4.5) and (4.9) we get
QH(φS) = (− i~X Hφ + [H − θ(X H )+ λ~n]φ)S
=
(
2λ~
n∑
k=1
zk
∂φ
∂zk
+ [λµ+ λ~n]φ
)
S.
Then QH has a discrete spectrum EN = 2λ~N + λµ+ λ~n, N = 0, 1, . . . The eigenfunctions
corresponding to EN are homogeneous polynomials in n variables z1, . . . , zn of degree N , that
is, the multiplicities m(EN ) =
(
n+N−1
N
)
. This agrees with the above result for the polarization F .
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